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Molecule Representations
• Understanding properties of molecules is important in a variety of applications

• Drug discovery, material discovery

• Molecule representations
• 1D SMILES
• 2D Molecular graphs

• A more natural and intrinsic representations: 3D conformations
• Determines its biological and physical activities
• E.g., charge distribution, steric constraints, and interaction with other molecules

Under review as a conference paper at ICLR 2021
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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p✓(d|G)

<latexit sha1_base64="BSPQokcnd67Ox4bSGWxni9WSepw=">AAACF3icbVBNS8NAEN3Ur1q/qh4FWSxCBSmJFNRbwYMeK9gPaErZbDft0t0k7E6EEnPzT/gXvOrdm3j16NVf4rbNwVYfDDzem2FmnhcJrsG2v6zc0vLK6lp+vbCxubW9U9zda+owVpQ1aChC1faIZoIHrAEcBGtHihHpCdbyRlcTv3XPlOZhcAfjiHUlGQTc55SAkXrFw6jnwpABKbueTPopfsCuJDCkRCTX6UmvWLIr9hT4L3EyUkIZ6r3it9sPaSxZAFQQrTuOHUE3IQo4FSwtuLFmEaEjMmAdQwMime4m0z9SfGyUPvZDZSoAPFV/TyREaj2Wnumc3KgXvYn4n9eJwb/oJjyIYmABnS3yY4EhxJNQcJ8rRkGMDSFUcXMrpkOiCAUT3dwWT6YFE4qzGMFf0jyrONXK5W21VDvN4smjA3SEyshB56iGblAdNRBFj+gZvaBX68l6s96tj1lrzspm9tEcrM8feuyfvQ==</latexit>

p(R|d,G)

<latexit sha1_base64="dhDz+mg0jfbxnERYd0jVT19v2HI=">AAACGHicbZDLSsNAFIYnXmu9RV26cLAIFUpJpKDuCi50WcVeoAllMpm2Q2eSMDMRSszSl/AV3Orenbh159YncdJmYVt/GPj4zzmcM78XMSqVZX0bS8srq2vrhY3i5tb2zq65t9+SYSwwaeKQhaLjIUkYDUhTUcVIJxIEcY+Rtje6yurtByIkDYN7NY6Iy9EgoH2KkdJWzzyKyo7Hk7sUPsIM/LQCHY7UECOWXKenPbNkVa2J4CLYOZRArkbP/HH8EMecBAozJGXXtiLlJkgoihlJi04sSYTwCA1IV2OAOJFuMvlICk+048N+KPQLFJy4fycSxKUcc093ZjfK+Vpm/lfrxqp/4SY0iGJFAjxd1I8ZVCHMUoE+FQQrNtaAsKD6VoiHSCCsdHYzWzyeFnUo9nwEi9A6q9q16uVtrVSv5PEUwCE4BmVgg3NQBzegAZoAgyfwAl7Bm/FsvBsfxue0dcnIZw7AjIyvX4fin7c=</latexit>
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<latexit sha1_base64="gQ1W5BUBQuSs4llOR92XD3cLttw=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoOQKtyJoHYBG8so5gOSI+xt9pI1u3vH7p4QjsO/YKu9ndj6W2z9JW6SK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obqd9+okqzSD6YSUx9gYeShYxgY6VWLxDpfdYvV9yaOwNaJV5OKpCj0S//9AYRSQSVhnCsdddzY+OnWBlGOM1KvUTTGJMxHtKupRILqv10dm2GzqwyQGGkbEmDZurfiRQLrScisJ0Cm5Fe9qbif143MeGVnzIZJ4ZKMl8UJhyZCE1fRwOmKDF8YgkmitlbERlhhYmxAS1sCURWsqF4yxGsktZ5zbuoXd9dVOrVPJ4inMApVMGDS6jDLTSgCQQe4QVe4c15dt6dD+dz3lpw8pljWIDz9QvyzpXD</latexit>
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<latexit sha1_base64="OpcR7prbb0BxuXfNQa1FkN+WMYo=">AAACGHicbZDLSsNAFIYn9VbrLerShYNFqCAlkYK6K7jQZRV7gSaUyWTaDp1JwsxEKDFLX8JXcKt7d+LWnVufxEmbhW39YeDjP+dwzvxexKhUlvVtFJaWV1bXiuuljc2t7R1zd68lw1hg0sQhC0XHQ5IwGpCmooqRTiQI4h4jbW90ldXbD0RIGgb3ahwRl6NBQPsUI6WtnnkYVRyPJ3cpfIQZ+OkpdDhSQ4xYcp2e9MyyVbUmgotg51AGuRo988fxQxxzEijMkJRd24qUmyChKGYkLTmxJBHCIzQgXY0B4kS6yeQjKTzWjg/7odAvUHDi/p1IEJdyzD3dmd0o52uZ+V+tG6v+hZvQIIoVCfB0UT9mUIUwSwX6VBCs2FgDwoLqWyEeIoGw0tnNbPF4WtKh2PMRLELrrGrXqpe3tXK9ksdTBAfgCFSADc5BHdyABmgCDJ7AC3gFb8az8W58GJ/T1oKRz+yDGRlfv4aun7M=</latexit>
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<latexit sha1_base64="lhItiocMBRqGObaIUKv7lTDqZ9g=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKVRvBRE8VrAf0C4lm2bb2CS7JFmhLMW/4FXv3sSrv8Wrv8S03YNtfTDweG+GmXlBzJk2rvvt5NbWNza38tuFnd29/YPi4VFTR4kitEEiHql2gDXlTNKGYYbTdqwoFgGnrWB0M/VbT1RpFskHM46pL/BAspARbKzUvO114yHrFUtu2Z0BrRIvIyXIUO8Vf7r9iCSCSkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUSC6r9dHbtBJ1ZpY/CSNmSBs3UvxMpFlqPRWA7BTZDvexNxf+8TmLCKz9lMk4MlWS+KEw4MhGavo76TFFi+NgSTBSztyIyxAoTYwNa2BKIScGG4i1HsEqal2WvUr6+r5RqF1k8eTiBUzgHD6pQgzuoQwMIPMILvMKb8+y8Ox/O57w152Qzx7AA5+sXoUCVkw==</latexit>
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<latexit sha1_base64="8NEpmi0zn1Gl+TfONZYwYrCHrJU=">AAACFHicbVDLSsNAFJ34rPUVddnNYBEqlJJIQd0VRHRZxT6gCWUynbRDZ5IwMxFKyMKf8Bfc6t6duHXv1i9x0mZhWw9cOJxzL/fe40WMSmVZ38bK6tr6xmZhq7i9s7u3bx4ctmUYC0xaOGSh6HpIEkYD0lJUMdKNBEHcY6Tjja8yv/NIhKRh8KAmEXE5GgbUpxgpLfXN0nXfiUa04ng8uU+r0OFIjTBiyU162jfLVs2aAi4TOydlkKPZN3+cQYhjTgKFGZKyZ1uRchMkFMWMpEUnliRCeIyGpKdpgDiRbjJ9IoUnWhlAPxS6AgWn6t+JBHEpJ9zTndmNctHLxP+8Xqz8CzehQRQrEuDZIj9mUIUwSwQOqCBYsYkmCAuqb4V4hATCSuc2t8XjaVGHYi9GsEzaZzW7Xru8q5cb1TyeAiiBY1ABNjgHDXALmqAFMHgCL+AVvBnPxrvxYXzOWleMfOYIzMH4+gWBw54d</latexit>
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<latexit sha1_base64="gQ1W5BUBQuSs4llOR92XD3cLttw=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoOQKtyJoHYBG8so5gOSI+xt9pI1u3vH7p4QjsO/YKu9ndj6W2z9JW6SK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obqd9+okqzSD6YSUx9gYeShYxgY6VWLxDpfdYvV9yaOwNaJV5OKpCj0S//9AYRSQSVhnCsdddzY+OnWBlGOM1KvUTTGJMxHtKupRILqv10dm2GzqwyQGGkbEmDZurfiRQLrScisJ0Cm5Fe9qbif143MeGVnzIZJ4ZKMl8UJhyZCE1fRwOmKDF8YgkmitlbERlhhYmxAS1sCURWsqF4yxGsktZ5zbuoXd9dVOrVPJ4inMApVMGDS6jDLTSgCQQe4QVe4c15dt6dD+dz3lpw8pljWIDz9QvyzpXD</latexit>
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<latexit sha1_base64="ORiRlP3d8Ck3qImxG8IgZjn4WBQ=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgIeFOAmoXsLFMwHxAcoS9zSRZsnt37O4J8cgvsNXeTmz9N7b+EjfJFSbxwcDjvRlm5gWx4Nq47reT29jc2t7J7xb29g8Oj4rHJ00dJYphg0UiUu2AahQ8xIbhRmA7VkhlILAVjO9nfusJleZR+GgmMfqSDkM+4IwaK9XjXrHklt05yDrxMlKCDLVe8afbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHUtDKlH76fzQKbmwSp8MImUrNGSu/p1IqdR6IgPbKakZ6VVvJv7ndRIzuPVTHsaJwZAtFg0SQUxEZl+TPlfIjJhYQpni9lbCRlRRZmw2S1sCOS3YULzVCNZJ87rsVcp39UqpepXFk4czOIdL8OAGqvAANWgAA4QXeIU359l5dz6cz0VrzslmTmEJztcvBTaTkA==</latexit>
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Conformation Prediction
• For most molecules, their 3D structure are not available
• How to predict valid and stable conformations?

• Each atom is represented as its 3D coordinates

Under review as a conference paper at ICLR 2021
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N (0, I)

<latexit sha1_base64="ZURxyFRkumcoZhtLB9tuZDzUxpQ=">AAACFHicbVDLSgMxFM34rPU16rKbYBEqSJmRgroruNGNVLAP6JSSSTNtaJIZkoxQhln4E/6CW927E7fu3folZtpZ2NYDIYdz7uXee/yIUaUd59taWV1b39gsbBW3d3b39u2Dw5YKY4lJE4cslB0fKcKoIE1NNSOdSBLEfUba/vg689uPRCoaigc9iUiPo6GgAcVIG6lvlzyO9AgjltylFc/niZOewey/TU/7dtmpOlPAZeLmpAxyNPr2jzcIccyJ0JghpbquE+legqSmmJG06MWKRAiP0ZB0DRWIE9VLpkek8MQoAxiE0jyh4VT925EgrtSE+6YyW1ktepn4n9eNdXDZS6iIYk0Eng0KYgZ1CLNE4IBKgjWbGIKwpGZXiEdIIqxNbnNTfJ4WTSjuYgTLpHVedWvVq/tauV7J4ymAEjgGFeCCC1AHN6ABmgCDJ/ACXsGb9Wy9Wx/W56x0xcp7jsAcrK9foQCeKQ==</latexit>

d(t0)

<latexit sha1_base64="S5vzONPPGcE2Bnxqdal57hBhNUE=">AAACAnicbVDLSsNAFJ3UV62vqks3g0Wom5JIQd0V3LisYB+QhjKZTNqh8wgzE6GE7PwFt7p3J279Ebd+idM2C9t64MLhnHu5954wYVQb1/12ShubW9s75d3K3v7B4VH1+KSrZaow6WDJpOqHSBNGBekYahjpJ4ogHjLSCyd3M7/3RJSmUjyaaUICjkaCxhQjYyV/EPIsyutm6F4OqzW34c4B14lXkBoo0B5WfwaRxCknwmCGtPY9NzFBhpShmJG8Mkg1SRCeoBHxLRWIEx1k85NzeGGVCMZS2RIGztW/ExniWk95aDs5MmO96s3E/zw/NfFNkFGRpIYIvFgUpwwaCWf/w4gqgg2bWoKwovZWiMdIIWxsSktbQp5XbCjeagTrpHvV8JqN24dmrVUv4imDM3AO6sAD16AF7kEbdAAGEryAV/DmPDvvzofzuWgtOcXMKViC8/UL8JyXWw==</latexit>
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Traditional Approaches

• Experimental methods
• Crystallography
• Expensive and time consuming

• Computational methods
• Molecular dynamics, Markov chain Monte Carlo
• Very computational expensive, especially for large molecules

4



Machine Learning Approaches
• Train a model to predict molecular conformations 𝑹 given the molecular graph 𝒢,

i.e., modeling p 𝑹 𝒢 (Mansimov et al. 2019, Simm and Hernandez-
Lobato 2020)
• Challenges
• Conformations are rotation and translation equivalent
• The distribution p 𝑹 𝒢 is multimodal and very complex

5



Our Solution
• A flexible generative model 𝑝!(𝑹|𝒢) based on normalizing flows
• Treating pairwise distances d as intermediate variables
• First generating the distance d based 𝒢, i. e. 𝑝!(𝒅|𝒢)
• Generating conformations based on d and 𝒢, i.e. 𝑝!(𝑹|𝒅, 𝒢)

• Further correct 𝑝!(𝑹|𝒢) with an energy-based tilting term 𝐸"(𝑹, 𝒢)
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the set of edges representing inter-atomic bonds. Each node v in V is labeled with atomic properties
such as element type. The edge in E connecting u and v is denoted as euv , and is labeled with its
bond type. For the molecular 3D representation, each atom in V is assigned with a 3D position
vector r 2 R3. We denote duv = kru � rvk2 as the Euclidean distance between the uth and vth

atom. Therefore, we can represent all the positions {rv}v2V as a matrix R 2 R|V|⇥3 and all the
distances between connected nodes {duv}euv2E as a vector d 2 R|E|.

Problem Definition. The problem of molecular conformation generation is defined as a conditional
generation process. More specifically, our goal is to model the conditional distribution of atomic
positions R given the molecular graph G, i.e., p(R|G).

2.2 PRELIMINARIES

Continuous Normalizing Flow. A normalizing flow (Dinh et al., 2014; Rezende & Mohamed,
2015) defines a series of invertible deterministic transformations from an initial known distribution
p(z) to a more complicated one p(x). Recently, normalizing flows have been generalized from
discrete number of layers to continuous (Chen et al., 2018; Grathwohl et al., 2018) by defining
the transformation f✓ as a continuous-time dynamic @z(t)

@t = f✓(z(t), t). Formally, with the latent
variable z(t0) ⇠ p(z) at the start time, the continuous normalizing flow (CNF) defines the transfor-
mation x = z(t0) +

R t1
t0

f✓(z(t), t)dt. Then the exact density for p✓(x) can be computed by:

log p✓(x) = log p(z(t0))�
Z t1

t0

Tr

✓
@f✓
@z(t)

◆
dt (1)

where z(t0) can be obtained by inverting the continuous dynamic z(t0) = x +
R t0
t1

f✓(z(t), t)dt.
A black-box ordinary differential equation (ODE) solver can be applied to estimate the outputs and
inputs gradients and optimize the CNF model (Chen et al., 2018; Grathwohl et al., 2018).

Energy-based Models. Energy-based models (EBMs) (Dayan et al., 1995; Hinton & Salakhutdi-
nov, 2006; LeCun et al., 2006) use a scalar parametric energy function E�(x) to fit the data distri-
bution. Formally, the energy function induces a density function with the Boltzmann distribution
p�(x) = exp(�E�(x))/Z(�), where Z =

R
exp(�E�(x)) dx denotes the partition function. EBM

can be learned with Noise contrastive estimation (NCE) (Gutmann & Hyvärinen, 2010) by treating
the normalizing constant as a free parameter. Given the training examples from both the dataset and
a noise distribution q(x), � can be estimated by maximizing the following objective function:

J(�) = Epdata

⇥
log

p�(x)

p�(x) + q(x)

⇤
+ Eq

⇥
log

q(x)

p�(x) + q(x)

⇤
, (2)

which turns the estimation of EBM into a discriminative learning problem. Sampling from E�

can be done with a variety of methods such as Markov chain Monte Carlo (MCMC) or Gibbs
sampling (Hinton & Salakhutdinov, 2006), possibly accelerated using Langevin dynamics (Du &
Mordatch, 2019), which leverages the gradient of the EBM to conduct sampling:

xk = xk�1 �
✏

2
rxE� (xk�1) +

p
✏!,! ⇠ N (0, I), (3)

where ✏ refers to the step size. x0 are the samples drawn from a random initial distribution and we
take the xK with K Langevin dynamics steps as the generated samples of the stationary distribution.

3 METHOD

3.1 OVERVIEW

We first present a high-level description of our model. Directly learning a generative model on Carte-
sian coordinates heavily depends on the (arbitrary) rotation and translation (Mansimov et al., 2019).
Therefore, in this paper we take the atomic pairwise distances as intermediate variables to generate
conformations, which are invariant to rotation and translation. More precisely, the cornerstone of
our method is to factorize the conditional distribution p✓(R|G) into the following formulation:

p✓(R|G) =
Z

p(R|d,G) · p✓(d|G) dd, (4)
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Normalizing Flows

• Defines an invertible mapping 𝑦 = 𝑓 𝑥 from a base distribution to a
complex distribution

• Change-of-variable theorem
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Distance Geometry Generation
• Conditional Graph Continuous Flow (CGCF)
• Defines an invertible mapping between a base distribution and the pairwise

atom distance d conditioning on the molecular graph 𝒢
• Defines the continuous dynamics of distance d with Neural Ordinary

Differential Equations (ODEs):
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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the set of edges representing inter-atomic bonds. Each node v in V is labeled with atomic properties
such as element type. The edge in E connecting u and v is denoted as euv , and is labeled with its
bond type. For the molecular 3D representation, each atom in V is assigned with a 3D position
vector r 2 R3. We denote duv = kru � rvk2 as the Euclidean distance between the uth and vth

atom. Therefore, we can represent all the positions {rv}v2V as a matrix R 2 R|V|⇥3 and all the
distances between connected nodes {duv}euv2E as a vector d 2 R|E|.

Problem Definition. The problem of molecular conformation generation is defined as a conditional
generation process. More specifically, our goal is to model the conditional distribution of atomic
positions R given the molecular graph G, i.e., p(R|G).

2.2 PRELIMINARIES

Continuous Normalizing Flow. A normalizing flow (Dinh et al., 2014; Rezende & Mohamed,
2015) defines a series of invertible deterministic transformations from an initial known distribution
p(z) to a more complicated one p(x). Recently, normalizing flows have been generalized from
discrete number of layers to continuous (Chen et al., 2018; Grathwohl et al., 2018) by defining
the transformation f✓ as a continuous-time dynamic @z(t)

@t = f✓(z(t), t). Formally, with the latent
variable z(t0) ⇠ p(z) at the start time, the continuous normalizing flow (CNF) defines the transfor-
mation x = z(t0) +

R t1
t0

f✓(z(t), t)dt. Then the exact density for p✓(x) can be computed by:

log p✓(x) = log p(z(t0))�
Z t1

t0

Tr

✓
@f✓
@z(t)

◆
dt (1)

where z(t0) can be obtained by inverting the continuous dynamic z(t0) = x +
R t0
t1

f✓(z(t), t)dt.
A black-box ordinary differential equation (ODE) solver can be applied to estimate the outputs and
inputs gradients and optimize the CNF model (Chen et al., 2018; Grathwohl et al., 2018).

Energy-based Models. Energy-based models (EBMs) (Dayan et al., 1995; Hinton & Salakhutdi-
nov, 2006; LeCun et al., 2006) use a scalar parametric energy function E�(x) to fit the data distri-
bution. Formally, the energy function induces a density function with the Boltzmann distribution
p�(x) = exp(�E�(x))/Z(�), where Z =

R
exp(�E�(x)) dx denotes the partition function. EBM

can be learned with Noise contrastive estimation (NCE) (Gutmann & Hyvärinen, 2010) by treating
the normalizing constant as a free parameter. Given the training examples from both the dataset and
a noise distribution q(x), � can be estimated by maximizing the following objective function:

J(�) = Epdata

⇥
log

p�(x)

p�(x) + q(x)

⇤
+ Eq

⇥
log

q(x)

p�(x) + q(x)

⇤
, (2)

which turns the estimation of EBM into a discriminative learning problem. Sampling from E�

can be done with a variety of methods such as Markov chain Monte Carlo (MCMC) or Gibbs
sampling (Hinton & Salakhutdinov, 2006), possibly accelerated using Langevin dynamics (Du &
Mordatch, 2019), which leverages the gradient of the EBM to conduct sampling:

xk = xk�1 �
✏

2
rxE� (xk�1) +

p
✏!,! ⇠ N (0, I), (3)

where ✏ refers to the step size. x0 are the samples drawn from a random initial distribution and we
take the xK with K Langevin dynamics steps as the generated samples of the stationary distribution.

3 METHOD

3.1 OVERVIEW

We first present a high-level description of our model. Directly learning a generative model on Carte-
sian coordinates heavily depends on the (arbitrary) rotation and translation (Mansimov et al., 2019).
Therefore, in this paper we take the atomic pairwise distances as intermediate variables to generate
conformations, which are invariant to rotation and translation. More precisely, the cornerstone of
our method is to factorize the conditional distribution p✓(R|G) into the following formulation:

p✓(R|G) =
Z

p(R|d,G) · p✓(d|G) dd, (4)

3
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Closed-form p(R|d,G). The generated pair-wise distances can be converted into 3D structures
through postprocessing methods such as the classic Euclidean Distance Geometry (EDG) algorithm.
In this paper, we adopt an alternative way by defining the conformations as a conditional distribution:

p(R|d,G) = 1

Z
exp

n
�

X

euv2E
↵uv

�
kru � rvk2 � duv

�2o
, (8)

where Z is the partition function to normalize the probability and {↵uv} are parameters that control
the variance of desired Cartesian coordinates, which can be either learned or manually designed ac-
cording to the graph structure G. With the probabilistic formulation, we can conduct either sampling
via MCMC or searching the local optimum with optimization methods. This simple function is fast
to calculate, making the generation procedure very efficient with a negligible computational cost.

Compared with the conventional EDG algorithm adopted in GraphDG (Simm & Hernández-Lobato,
2020), our probabilistic solution enjoys following advantages: 1) p(R|d,G) enables the calculation
for the likelihood p✓(R|G) of Eq. 4 by approximation methods, and thus can be further combined
with the energy-based tilting term E�(R,G) to induce a superior distribution; 2) GraphDG suffers
the drawback that when invalid sets of distances are generated, EDG will fail to construct 3D struc-
ture. By contrast, our method can always be successful to generate conformations by sampling from
the distribution p(R|d,G).

3.3 ENERGY-BASED TILTING MODEL

The last part of our framework is the Energy-based Tiling Model (ETM) E�(R,G), which helps
model the long-range interactions between atoms explicitly in the observation space. E�(R,G)
takes the form of SchNet (Schütt et al., 2017), which is widely used to model the potential-energy
surfaces and energy-conserving force fields for molecules. The continuous-filter convolutional lay-
ers in SchNet allow each atom to aggregate the representations of all single, pairwise, and higher-
order interactions between the atoms through non-linear functions. The final atomic representations
are pooled to a single vector and then passed into a network to produce the scalar output.

Typically the EBMs can be learned by maximum likelihood, which usually requires the lengthy
MCMC procedure and is time-consuming for training. In this work, we learn the ETM by Noise
Contrastive Estimation (Gutmann & Hyvärinen, 2010), which is much more efficient. In practice,
the noise distribution is required to be close to data distribution, otherwise the classification problem
would be too easy and would not guide E� to learn much about the modality of the data. We
propose to take the pre-trained CGCF to serve as a strong noise distribution, leading to the following
discriminative learning objective for the ETM1:

Lnce(R,G;�) ==� Epdata

⇥
log

1

1 + exp(E�(R,G))
⇤
� Ep✓

⇥
log

1

1 + exp(�E�(R,G))
⇤
. (9)

3.4 SAMPLING

We employ a two-stage dynamic system to synthesize a possible conformation given the molecular
graph representation G. In the first stage, we first draw a latent variable ẑ from the Gaussian prior
N (0, I), and then pass it through the continuous deterministic dynamics model F✓ defined in Eq. 6 to
get d̂0 = F✓(ẑ0, G). Then a optimization procedure such as stochastic gradient descent is employed
to search the realistic conformations R with local maximum probability of p(R|d,G) (defined in
Eq. 8). By doing this, an initial conformation R(0) can be generated. In the second stage, we further
refine the initial conformation R(0) with the energy-based model defined in Eq. 5 with K steps of
Langevin dynamics:

Rk = Rk�1 �
✏

2
rRE✓,� (R|G) +

p
✏!,! ⇠ N (0, I),

where E✓,�(R|G) = � log p✓,�(R|G) = E�(R,G)� log

Z
p(R|d,G)p✓(d|G)dd.

(10)

where ✏ denotes the step size. The second integration term in E✓,� can be estimated through approx-
imate methods. In practice, we use Monte Carlo Integration to conduct the approximation, which is
simple yet effective with just a few distance samples from the CGCF model p✓(d|G).

1Detailed derivations of the training loss can be found in Appendix F.
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Closed-form p(R|d,G). The generated pair-wise distances can be converted into 3D structures
through postprocessing methods such as the classic Euclidean Distance Geometry (EDG) algorithm.
In this paper, we adopt an alternative way by defining the conformations as a conditional distribution:

p(R|d,G) = 1

Z
exp

n
�

X

euv2E
↵uv

�
kru � rvk2 � duv

�2o
, (8)

where Z is the partition function to normalize the probability and {↵uv} are parameters that control
the variance of desired Cartesian coordinates, which can be either learned or manually designed ac-
cording to the graph structure G. With the probabilistic formulation, we can conduct either sampling
via MCMC or searching the local optimum with optimization methods. This simple function is fast
to calculate, making the generation procedure very efficient with a negligible computational cost.

Compared with the conventional EDG algorithm adopted in GraphDG (Simm & Hernández-Lobato,
2020), our probabilistic solution enjoys following advantages: 1) p(R|d,G) enables the calculation
for the likelihood p✓(R|G) of Eq. 4 by approximation methods, and thus can be further combined
with the energy-based tilting term E�(R,G) to induce a superior distribution; 2) GraphDG suffers
the drawback that when invalid sets of distances are generated, EDG will fail to construct 3D struc-
ture. By contrast, our method can always be successful to generate conformations by sampling from
the distribution p(R|d,G).

3.3 ENERGY-BASED TILTING MODEL

The last part of our framework is the Energy-based Tiling Model (ETM) E�(R,G), which helps
model the long-range interactions between atoms explicitly in the observation space. E�(R,G)
takes the form of SchNet (Schütt et al., 2017), which is widely used to model the potential-energy
surfaces and energy-conserving force fields for molecules. The continuous-filter convolutional lay-
ers in SchNet allow each atom to aggregate the representations of all single, pairwise, and higher-
order interactions between the atoms through non-linear functions. The final atomic representations
are pooled to a single vector and then passed into a network to produce the scalar output.

Typically the EBMs can be learned by maximum likelihood, which usually requires the lengthy
MCMC procedure and is time-consuming for training. In this work, we learn the ETM by Noise
Contrastive Estimation (Gutmann & Hyvärinen, 2010), which is much more efficient. In practice,
the noise distribution is required to be close to data distribution, otherwise the classification problem
would be too easy and would not guide E� to learn much about the modality of the data. We
propose to take the pre-trained CGCF to serve as a strong noise distribution, leading to the following
discriminative learning objective for the ETM1:

Lnce(R,G;�) ==� Epdata

⇥
log

1

1 + exp(E�(R,G))
⇤
� Ep✓

⇥
log

1

1 + exp(�E�(R,G))
⇤
. (9)

3.4 SAMPLING

We employ a two-stage dynamic system to synthesize a possible conformation given the molecular
graph representation G. In the first stage, we first draw a latent variable ẑ from the Gaussian prior
N (0, I), and then pass it through the continuous deterministic dynamics model F✓ defined in Eq. 6 to
get d̂0 = F✓(ẑ0, G). Then a optimization procedure such as stochastic gradient descent is employed
to search the realistic conformations R with local maximum probability of p(R|d,G) (defined in
Eq. 8). By doing this, an initial conformation R(0) can be generated. In the second stage, we further
refine the initial conformation R(0) with the energy-based model defined in Eq. 5 with K steps of
Langevin dynamics:

Rk = Rk�1 �
✏

2
rRE✓,� (R|G) +

p
✏!,! ⇠ N (0, I),

where E✓,�(R|G) = � log p✓,�(R|G) = E�(R,G)� log

Z
p(R|d,G)p✓(d|G)dd.

(10)

where ✏ denotes the step size. The second integration term in E✓,� can be estimated through approx-
imate methods. In practice, we use Monte Carlo Integration to conduct the approximation, which is
simple yet effective with just a few distance samples from the CGCF model p✓(d|G).

1Detailed derivations of the training loss can be found in Appendix F.

5

SchNet
(Schütt et al. 2017)

≈ Energy≈
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Closed-form p(R|d,G). The generated pair-wise distances can be converted into 3D structures
through postprocessing methods such as the classic Euclidean Distance Geometry (EDG) algorithm.
In this paper, we adopt an alternative way by defining the conformations as a conditional distribution:

p(R|d,G) = 1

Z
exp

n
�

X

euv2E
↵uv

�
kru � rvk2 � duv

�2o
, (8)

where Z is the partition function to normalize the probability and {↵uv} are parameters that control
the variance of desired Cartesian coordinates, which can be either learned or manually designed ac-
cording to the graph structure G. With the probabilistic formulation, we can conduct either sampling
via MCMC or searching the local optimum with optimization methods. This simple function is fast
to calculate, making the generation procedure very efficient with a negligible computational cost.

Compared with the conventional EDG algorithm adopted in GraphDG (Simm & Hernández-Lobato,
2020), our probabilistic solution enjoys following advantages: 1) p(R|d,G) enables the calculation
for the likelihood p✓(R|G) of Eq. 4 by approximation methods, and thus can be further combined
with the energy-based tilting term E�(R,G) to induce a superior distribution; 2) GraphDG suffers
the drawback that when invalid sets of distances are generated, EDG will fail to construct 3D struc-
ture. By contrast, our method can always be successful to generate conformations by sampling from
the distribution p(R|d,G).

3.3 ENERGY-BASED TILTING MODEL

The last part of our framework is the Energy-based Tiling Model (ETM) E�(R,G), which helps
model the long-range interactions between atoms explicitly in the observation space. E�(R,G)
takes the form of SchNet (Schütt et al., 2017), which is widely used to model the potential-energy
surfaces and energy-conserving force fields for molecules. The continuous-filter convolutional lay-
ers in SchNet allow each atom to aggregate the representations of all single, pairwise, and higher-
order interactions between the atoms through non-linear functions. The final atomic representations
are pooled to a single vector and then passed into a network to produce the scalar output.

Typically the EBMs can be learned by maximum likelihood, which usually requires the lengthy
MCMC procedure and is time-consuming for training. In this work, we learn the ETM by Noise
Contrastive Estimation (Gutmann & Hyvärinen, 2010), which is much more efficient. In practice,
the noise distribution is required to be close to data distribution, otherwise the classification problem
would be too easy and would not guide E� to learn much about the modality of the data. We
propose to take the pre-trained CGCF to serve as a strong noise distribution, leading to the following
discriminative learning objective for the ETM1:

Lnce(R,G;�) ==� Epdata

⇥
log

1

1 + exp(E�(R,G))
⇤
� Ep✓

⇥
log

1

1 + exp(�E�(R,G))
⇤
. (9)

3.4 SAMPLING

We employ a two-stage dynamic system to synthesize a possible conformation given the molecular
graph representation G. In the first stage, we first draw a latent variable ẑ from the Gaussian prior
N (0, I), and then pass it through the continuous deterministic dynamics model F✓ defined in Eq. 6 to
get d̂0 = F✓(ẑ0, G). Then a optimization procedure such as stochastic gradient descent is employed
to search the realistic conformations R with local maximum probability of p(R|d,G) (defined in
Eq. 8). By doing this, an initial conformation R(0) can be generated. In the second stage, we further
refine the initial conformation R(0) with the energy-based model defined in Eq. 5 with K steps of
Langevin dynamics:

Rk = Rk�1 �
✏

2
rRE✓,� (R|G) +

p
✏!,! ⇠ N (0, I),

where E✓,�(R|G) = � log p✓,�(R|G) = E�(R,G)� log

Z
p(R|d,G)p✓(d|G)dd.

(10)

where ✏ denotes the step size. The second integration term in E✓,� can be estimated through approx-
imate methods. In practice, we use Monte Carlo Integration to conduct the approximation, which is
simple yet effective with just a few distance samples from the CGCF model p✓(d|G).

1Detailed derivations of the training loss can be found in Appendix F.
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)

4

K-steps of Langevin
Dynamics
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Experiments

• Data Sets
• GEOM: > 33 million molecular conformers by Rafael’s group, including both

small molecules in QM9 and medium-sized drug-like molecules.
• ISO17: built on QM9, including 197 molecules, each with 5000 conformations

• Baselines
• CVGAE(Mansimov et al. 2019): learning atom representations with GNNs

and then predict the coordinates of atoms
• GraphDG(Simm&Hernandez-Lobato, 2020): predicting the pairwise

distances between atoms with GNNs and then generate conformers based on
distances
• RDKit: a classical force field in molecular dynamics
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Examples
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demonstrate that our proposed framework holds the high capacity to model the chemical structures
in the 3D coordinates.

Figure 3: Visualizations of generated graphs from our proposed method. In each row, we show multiple
generated conformations for one molecular graph. For the top 5 rows, the graphs are chosen from the small
molecules in GEOM-QM9 test dataset; and for the bottom 4 rows, graphs are chosen from the larger molecules
in GEOM-Drugs test dataset. C, O, H, S and CI are colored gray, red, white, yellow and green respectively.

H MORE RESULTS OF COVERAGE SCORE

We give more results of the coverage (COV) score with different threshold � in Fig. 4. As shown in
the figure, our proposed method can consistently outperform the previous state-of-the-art baselines
CVGAE and GraphDG, which demonstrate the effectiveness of our model.

GEOM-QM9 GEOM-QM9 (FF)

Co
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RMSD RMSD

GEOM-Drugs GEOM-Drugs (FF)

RMSD RMSD

Figure 4: Curves of the averaged coverage score with different RMSD thresholds on GEOM-QM9 (left two)
and GEOM-Drugs (right two) datasets. The first and third curves are results of only the generative models,
while the other two are results when further optimized with rule-based force fields.
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Conformation Generation

• Evaluate the quality and diversity of generated conformations.
• Coverage (COV): the fraction of conformations in the reference set 

that are matched by at least one conformation in the generated 
conformations

• Matching (MAT): measure the average distance of the reference
conformations with their nearest neighbors in the generated
conformations

Under review as a conference paper at ICLR 2021

Table 1: Comparison of different methods on the COV and MAT scores. Top 4 rows: deep generative models
for molecular conformation generation. Bottom 5 rows: different methods that involve an additional rule-based
force field to further optimize the generated structures.

Dataset GEOM-QM9 GEOM-Drugs

Metric COV⇤ (%) MAT (Å) COV⇤ (%) MAT (Å)
Mean Median Mean Median Mean Median Mean Median

CVGAE 8.52 5.62 0.7810 0.7811 0.00 0.00 2.5225 2.4680
GraphDG 55.09 56.47 0.4649 0.4298 7.76 0.00 1.9840 2.0108
CGCF 69.60 70.64 0.3915 0.3986 49.92 41.07 1.2698 1.3064
CGCF + ETM 72.43 74.38 0.3807 0.3955 53.29 47.06 1.2392 1.2480

RDKit 79.94 87.20 0.3238 0.3195 65.43 70.00 1.0962 1.0877

CVGAE + FF 63.10 60.95 0.3939 0.4297 83.08 95.21 0.9829 0.9177
GraphDG + FF 70.67 70.82 0.4168 0.3609 84.68 93.94 0.9129 0.9090
CGCF + FF 73.52 72.75 0.3131 0.3251 92.28 98.15 0.7740 0.7338

CGCF + ETM + FF 73.54 72.58 0.3088 0.3210 92.41 98.57 0.7737 0.7616
* For the reported COV score, the threshold � is set as 0.5Å for QM9 and 1.25Å for Drugs. More

results of COV scores with different threshold � are given in Appendix H.

Figure 2: Visualization of generated conformations from the state-of-the-art baseline (GraphDG), our method
and the ground-truth, based on four random molecular graphs from the test set of GEOM-Drugs. C, O, H, S
and Cl are colored gray, red, white, yellow and green respectively.

conformation in the generated set, its neighbors in the reference set within a given RMSD threshold
� are marked as matched:

COV(Sg(G), Sr(G)) =
1

|Sr|

���
n
R 2 Sr

��RMSD(R,R0
) < �,R0 2 Sg

o���, (12)

where Sg(G) denotes the generated conformations set for molecular graph G, and Sr(G) demotes the
reference set. In practice, the number of samples in the generated set is two times of the reference
set. Typically, a higher COV score means the a better diversity performance. The COV score is able
to evaluate whether the generated conformations are diverse enough to cover the ground-truth.

While COV is effective to measure the diversity and detect the mode-collapse case, it is still possible
for the model to achieve high COV with a high threshold tolerance. Here we define the MAT score as
a complement to measure the quality of generated samples. For each conformation in the reference
set, the RMSD distance to its nearest neighbor in the generated set is computed and averaged:

MAT(Sg(G), Sr(G)) =
1

|Sr|
X

R02Sr
min
R2Sg

RMSD(R,R0
). (13)

This metric concentrate on the accuracy of generated conformations. More realistic generated sam-
ples lead to a lower matching score.

Results. Tab. 1 shows that compared with the existing state-of-the-art baselines, our CGCF model
can already achieve superior performance on all four metrics (top 4 rows). As a CNF-based model,
CGCF holds much the higher generative capacity for both diversity and quality compared than VAE

7
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and the ground-truth, based on four random molecular graphs from the test set of GEOM-Drugs. C, O, H, S
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where Sg(G) denotes the generated conformations set for molecular graph G, and Sr(G) demotes the
reference set. In practice, the number of samples in the generated set is two times of the reference
set. Typically, a higher COV score means the a better diversity performance. The COV score is able
to evaluate whether the generated conformations are diverse enough to cover the ground-truth.

While COV is effective to measure the diversity and detect the mode-collapse case, it is still possible
for the model to achieve high COV with a high threshold tolerance. Here we define the MAT score as
a complement to measure the quality of generated samples. For each conformation in the reference
set, the RMSD distance to its nearest neighbor in the generated set is computed and averaged:

MAT(Sg(G), Sr(G)) =
1

|Sr|
X

R02Sr
min
R2Sg

RMSD(R,R0
). (13)

This metric concentrate on the accuracy of generated conformations. More realistic generated sam-
ples lead to a lower matching score.

Results. Tab. 1 shows that compared with the existing state-of-the-art baselines, our CGCF model
can already achieve superior performance on all four metrics (top 4 rows). As a CNF-based model,
CGCF holds much the higher generative capacity for both diversity and quality compared than VAE
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Results
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Table 1: Comparison of different methods on the COV and MAT scores. Top 4 rows: deep generative models
for molecular conformation generation. Bottom 5 rows: different methods that involve an additional rule-based
force field to further optimize the generated structures.
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where Sg(G) denotes the generated conformations set for molecular graph G, and Sr(G) demotes the
reference set. In practice, the number of samples in the generated set is two times of the reference
set. Typically, a higher COV score means the a better diversity performance. The COV score is able
to evaluate whether the generated conformations are diverse enough to cover the ground-truth.

While COV is effective to measure the diversity and detect the mode-collapse case, it is still possible
for the model to achieve high COV with a high threshold tolerance. Here we define the MAT score as
a complement to measure the quality of generated samples. For each conformation in the reference
set, the RMSD distance to its nearest neighbor in the generated set is computed and averaged:
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This metric concentrate on the accuracy of generated conformations. More realistic generated sam-
ples lead to a lower matching score.

Results. Tab. 1 shows that compared with the existing state-of-the-art baselines, our CGCF model
can already achieve superior performance on all four metrics (top 4 rows). As a CNF-based model,
CGCF holds much the higher generative capacity for both diversity and quality compared than VAE
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Distribution over Pairwise Distances

• Evaluate the distribution of the pairwise distance between atoms for
each molecular graph
• Marginal distribution 𝑝(𝑑#$|𝒢)
• Pairwise distribution 𝑝(𝑑#$, 𝑑%&|𝒢)
• Joint distribution 𝑝(𝒅|𝒢)

• Evaluation Metrics: maximum mean discrepancy (MMD) between the
distributions over the reference set and the generated set

17
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Figure 1: Illustration of the proposed framework. Given the molecular graph, we 1) first draw latent variables
from a Gaussian prior, and transform them to the desired distance matrix through the Conditional Graph Con-
tinuous Flow (CGCF); 2) search the possible 3D coordinates according to the generated distances and 3) further
optimize the generated conformation via a MCMC procedure with the Energy-based Tilting Model (ETM).

where p✓(d|G) models the distribution of inter-atomic distances given the graph G and p(R|d,G)
models the distribution of conformations given the distances d. In particular, the conditional gener-
ative model p✓(d|G) is parameterized as a conditional graph continuous flow, which can be seen as
a continuous dynamics system to transform the random initial noise to meaningful distances. This
flow model enables us to capture the long-range dependencies between atoms in the hidden space
during the dynamic steps.

Though CGCF can capture the dependency between atoms in the hidden space, the distances of
different edges are still independently updated in the transformations, which limits the capacity of
modeling the dependency between atoms in the sampling process. Therefore we further propose to
correct p✓(R|G) with an energy-based tilting term E�(R,G):

p✓,�(R|G) / p✓(R|G) · exp(�E�(R,G)). (5)

The tilting term is directly defined on the joint distribution of R and G, which explicitly captures the
long-range interaction directly in observation space. The tilted distribution p✓,�(R|G) can be used
to provide refinement or optimization for the conformations generated from p✓(R|G). This energy
function is also designed to be invariant to rotation and translation.

In the following parts, we will firstly describe our flow-based generative model p✓(R|G) in Sec-
tion 3.2 and elaborate the energy-based tilting model E�(R,G) in Section 3.3. Then we introduce
the two-stage sampling process with both deterministic and stochastic dynamics in Section 3.4. An
illustration of the whole framework is given in Fig. 1.

3.2 FLOW-BASED GENERATIVE MODEL

Conditional Graph Continuous Flows p✓(d|G). We parameterize the conditional distribution of
distances p✓(d|G) with the continuous normalizing flow, named Conditional Graph Continuous
Flow (CGCF). CGCF defines the distribution through the following dynamics system:

d = F✓(d(t0),G) = d(t0) +

Z t1

t0

f✓(d(t), t;G)dt, d(t0) ⇠ N (0, I) (6)

where the dynamic f✓ is implemented by Message Passing Neural Networks (MPNN) (Gilmer et al.,
2017), which is a widely used architecture for representation learning on molecular graphs. MPNN
takes node attributes, edge attributes and the bonds lengths d(t) as input to compute the node and
edge embeddings. Each message passing layer updates the node embeddings by aggregating the
information from neighboring nodes according to its hidden vectors of respective nodes and edges.
Final features are fed into a neural network to compute the value of the dynamic f✓ for all distances
independently. As t1 ! 1, our dynamic can have an infinite number of steps and is capable to
model long-range dependencies. The invertibility of F✓ allows us to not only conduct fast sampling,
but also easily optimize the parameter set ✓ by minimizing the exact negative log-likelihood:

Lmle(d,G; ✓) = �Epdata log p✓(d|G) = �Epdata


log p(d(t0)) +

Z t1

t0

Tr

✓
@f✓,G
@d(t)

◆
dt

�
. (7)
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Table 2: Comparison of distances density modeling with different methods. We compare the marginal distri-
bution of single (p(duv|G)), pair (p(duv, dij |G)) and all (p(d|G)) edges between C and O atoms. Molecular
graphs G are taken from the test set of ISO17. We take two metrics into consideration: 1) median MMD
between the ground truth and generated ones, and 2) mean ranking (1 to 3) based on the MMD metric.

Single Pair All
Mean Median Mean Median Mean Median

RDKit 3.4513 3.1602 3.8452 3.6287 4.0866 3.7519
CVGAE 4.1789 4.1762 4.9184 5.1856 5.9747 5.9928
GraphDG 0.7645 0.2346 0.8920 0.3287 1.1949 0.5485

CGCF 0.4490 0.1786 0.5509 0.2734 0.8703 0.4447

CGCF + ETM 0.5703 0.2411 0.6901 0.3482 1.0706 0.5411

approaches. The results are further improved when combined with ETM to explicitly incorporate
the long-range correlations. We visualize several representative examples in Fig. 2, and leave more
examples in Appendix G. A meaningful observation is that though competitive over other neural
models, the rule-based RDKit method occasionally shows better performance than our model, which
indicates that RDKit can generate more realistic structures. We argue that this is because after
generating the initial coordinates, RDKit involves additional hand-designed molecular force field
(FF) energy functions (Rappé et al., 1992; Halgren, 1996) to find the stable conformations with local
minimal energy. By contrast, instead of finding the local minimums, our deep generative models
aim to model and sample from the potential distribution of structures. To yield a better comparison,
we further test our model by taking the generated structures as initial states and utilize the Merck
Molecular Force Field (MMFF) (Halgren, 1996) to find the local stable points. This postprocessing
procedure is also employed in the previous work (Mansimov et al., 2019). Additional results in
Tab. 1 verify our conjecture that FF plays a vital role in generating more realistic structures, and
demonstrate the capacity of our method to generate high-quality initial coordinates.

4.3 DISTRIBUTIONS OVER DISTANCES

Tough primarily designed for 3D coordinates, we also following Simm & Hernández-Lobato (2020)
to evaluate the generated distributions of pairwise distance, which can be viewed as a representative
element of the model capacity to model the inter-atomic interactions.

Evaluation. Let p(duv|G) denote the conditional distribution of distances on each edge euv (includ-
ing auxiliary edges) given a molecular graph G. The set of distances are computed from the gener-
ated conformations R. We calculate maximum mean discrepancy (MMD) (Gretton et al., 2012) to
compare the generated distributions and the ground-truth distributions. Specifically, we evaluate the
distribution of individual distances p(duv|G), pair distances p(duv, dij |G) and all distances p(d|G).
Results. The results are summarized in Tab. 2. The statistics show that RDKit suffers the worst
performance, which is because it just aims to generate the most stable structures as illustrated in
Section 4.2. For CGCF, the generated samples are significantly closer to the ground-truth distri-
bution than baseline methods, where we consistently achieve the best numerical results. Besides,
we notice that ETM will slightly hurt the performance in this task. However, one should note that
this phenomenon is natural because typically ETM will sharpen the distribution similar to the RD-
Kit. The marginal distributions P (duv|G) for pairwise distances in visualized in Appendix I, which
further demonstrate the superior capacity of our proposed method.

5 CONCLUSION AND FUTURE WORK

In this paper, we propose a novel probabilistic framework for molecular conformation generation.
Our generative model combines the advantage of both flow-based and energy-based models, which
is capable of modeling the complex multi-modal geometric distribution and highly branched atomic
correlations. Experimental results show that our method outperforms all previous state-of-the-art
baselines on the standard benchmarks. Future work includes applying our framework on much
larger datasets and extending it to more challenging structures (e.g., proteins).

8

ETM slights hurts the performance as it will sharpen the distribution
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Conclusion

• Molecule representations: moving from 2D graphs to 3D
conformations
• Predicting molecular conformations is challenging
• Multimodal

• A normalizing flow and energy model based framework
• A flexible flow-based model for conformation generation
• Energy model is further used for correcting the flow model

• Future work
• Integrating the physic model
• Other tasks such as protein structure prediction
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Machine Learning-based Approaches
• Train a model to predict molecular conformations 𝑹 given the molecular graph 𝒢,

i.e., modeling p 𝑹 𝒢
• Deep Generative Graph Neural Network (Mansimov et al. 2019)
• Learning atom representations with graph neural networks
• Predicting atom coordinates based on atom representations

• Limitations
• Conformations are rotation and translation equivalent

≈ Graph Neural
Networks

Graph Neural Networks

≈

Node/Atom RepresentationsAugmented Molecular Graph Conformations 20



A Generative Model for Molecular Distance 
Geometry (Simm and Hernandez-Lobato 2020)
• Two stage generation: distance geometry generation and conformation generation

• The distances between atoms are rotation and translation equivalent
• Predict the conformations based on molecular graph and distances

• Distance prediction
• Graph neural networks are used to learn the edge representations
• Predict the edges based on edge representations

≈ Graph Neural
Networks

Graph Neural Networks

≈

Edge RepresentationsAugmented Molecular Graph Conformations

≈

Distances

Euclidean Distance
Geometry algorithm
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Limitations

• The model capacity is still very limited
• The distribution p 𝑹 𝒢 is multimodal
• Each molecule could have multiple stable conformations

• We need to find more flexible models!!
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